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We apply three forward light-by-light scattering sum rules to charmonium states. We show that
these sum rules imply a cancellation between charmonium bound state contributions, which are
mostly known from the γγ decay widths of these states, and continuum contributions above DD¯
threshold, for which we provide a duality estimate. We also show that two of these sum rules allow
to predict the yet unmeasured γ∗γ coupling of the χc1(1P ) state, which can be tested at present
high-luminosity e+e− colliders.
I. INTRODUCTION
In recent years, experiments at high luminosity e+e−
colliders such as BaBar, Belle, and BESIII have provided
a wealth of new meson structure data using the γγ-fusion
process, see e.g. Refs. [1, 2] for some recent reviews.
When one or both photons are virtual, such processes al-
low us to access transition form factors of mesons. Such
observables can be interrelated through model indepen-
dent sum rules for the light-by-light scattering process.
In case of the production of hadrons, such relations are
shedding light on the non-perturbative dynamics of the
underlying theory, Quantum Chromo Dynamics (QCD).
In Ref. [3–5], several model independent sum rules for
the forward light-by-light scattering were derived and ex-
actly verified at leading order in scalar and spinor QED.
Such sum rules are valid for the case when at least one
photon is real and the other is spacelike, i.e. for photon
virtualities q21 = −Q21 ≤ 0, q22 = −Q22 = 0. Three among
these sum rules have the form of a superconvergence re-
lation, for which an integral over an experimentally mea-
surable quantity has to yield zero [5]:
0 =
ˆ ∞
s0
ds
1
s+Q21
(σ2 − σ0)Q22=0 ,
0 =
ˆ ∞
s0
ds
1
(s+Q21)
2
(
σ‖ + σLT +
(
s+Q21
) τaTL
Q1Q2
)
Q22=0
,
0 =
ˆ ∞
s0
ds
(
τTL
Q1Q2
)
Q22=0
, (1)
with σ0, σ2, σ‖, σLT, τaTL, and τTL the response functions
for the γ∗γ∗ → X process, where X denotes the sum
over all allowed final states. The experimentally accessi-
ble response functions are non-zero above the threshold
s0, and are functions of s = (q1 + q2)
2, Q21, and Q
2
2,
see Ref. [5, 6] for details. In previous works, applica-
tions of the light-by-light sum rules to different model
field theories have been demonstrated both in perturba-
tive and non-perturbative settings [4, 5, 7]. Furthermore,
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in Refs. [5, 8], their application to the γ∗γ production of
light-quark mesons have been discussed. For these light
pseudo-scalar, scalar, axial-vector, and tensor mesons,
where data are available, these sum rules were shown
to be verified within the 10 - 30 % experimental accu-
racies. Furthermore, an application of the sum rules of
Eq. (1) also allowed to predict the γ∗γ transition form
factor of the f2(1270) meson [5], which was later mea-
sured by the Belle Collaboration [9] and found to be in
good agreement with the sum rule prediction [8].
In the present work we will apply the sum rules of
Eq. (1) to the charmonium sector. We will show that in
order to satisfy these sum rules a cancellation between
contributions from charmonium bound states and con-
tinuum contributions above DD¯ threshold is required.
We will also show that two of these sum rules allow us
to make a prediction for the γ∗γ coupling to the axial-
vector χc1(1P ) state, which has not yet been extracted
from experiment to date, but is accessible at the present
day high-luminosity e+e− colliders. Furthermore, the
application of light-by-light sum rules in the charmo-
nium sector may be worthwhile in light of the plethora
of new states (so-called XY Z states) which have been
found in recent years above DD¯ production threshold,
of which several have been produced in γγ collisions, see
e.g. Refs. [10–12] for some recent reviews.
The outline of this work is as follows. In Section II, we
will provide an update of the analysis for the first sum
rule in Eq. (1) in the charmonium sector. Subsequently in
Section III, we will apply our formalism to the second and
third γγ sum rules of Eq. (1), which requires one photon
to be quasi-real. This will allow us to make a quantitative
prediction for the decay width of the χc1(1P ) state into
a real and a quasi-real photon. We will also be able to
provide an error estimate and compare our result with
the quark model prediction. Finally we will present our
conclusion in Section IV.
II. REAL PHOTON HELICITY SUM RULE FOR
CHARMONIUM STATES
As a first application, the first sum rule of Eq. (1) was
tested in [5] for the case of real photons in the light-
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2quark and charm-quark sectors. In the narrow width
approximation it yields a relation between the γγ decay
widths of pseudoscalar (P), scalar (S ), and tensor (T )
mesons, denoted by Γγγ(P,S ,T ), as:
0 =
ˆ ∞
s0
ds
s
(σ2(s)− σ0(s))
= −
∑
P
16pi2
Γγγ(P)
m3P
−
∑
S
16pi2
Γγγ(S )
m3S
+
∑
T
16pi2
5 Γγγ(T (Λ = 2))
m3T
, (2)
with mM the corresponding meson mass, and where for
the tensor mesons we only show the dominant contribu-
tion corresponding with helicity Λ = 2, see Ref. [8] for
the full expression and extension to virtual photons.
In order to satisfy the helicity sum rule, it was found
in [5] that there is a quantitative cancellation between pi0
and a2 in the low-lying isovector sector and a cancellation
between η, η′ and f2(1270) in the low-lying isoscalar sec-
tor. The charmonium family presents an interesting dif-
ference, as the spectrum can be separated into two parts:
(narrow) bound state contributions below DD¯ thresh-
old, and resonance and continuum contributions above
DD¯ threshold. As one can see from Table I, from the
measured two-photon decay widths, the dominant, i.e.
lowest lying, bound state contribution comes from the
ηc(1S) state, while the lowest lying scalar χc0(1P ) and
tensor χc2(1P ) charmonia to good approximation cancel
each other.
For the higher states, the two photon decay width is
also known for the ηc(2S) bound state from the CLEO
experiment [13]. For the χc0(2P ) and χc2(2P ) states,
which are lying above DD¯ threshold, there are no di-
rectly reported values of the two photon decay widths,
but they can be approximately estimated. The value
Γγγ [χc2(2P )] can be expressed through the branching
fraction for the γγ production of this states multiplied
by its decay χc2(2P )→ D¯D. Under the assumption that
the latter is the dominant decay mode, we obtain [13]:
Γγγ [χc2(2P )] &
Γ[χc2(2P )→ D¯D]
Γtot
Γγγ [χc2(2P )]
= (0.21± 0.04) keV. (3)
For the χc0(2P ) we use several estimates. For a first
estimate we identify it with the X(3915) state assum-
ing that its total width is obtained from the dominant
X(3915)→ ω J/ψ and X(3915)→ D¯∗0D0 decays. Using
the measured value [13]:
Γγγ [X(3915)]
Γ[X(3915)→ ω J/ψ]
Γtot
= (54± 9) eV, (4)
as well as the bound [13]:
Γ[X(3915)→ ω J/ψ]
Γ[X(3915)→ D¯∗0D0] > 0.71, (5)
we estimate:
Γγγ [X(3915)] . Γγγ [X(3915)]
Γ[X(3915)→ ω J/ψ]
Γtot
×
(
1 +
Γ[X(3915)→ D¯∗0D0]
Γ[X(3915)→ ω J/ψ]
)
. (0.13± 0.2) keV. (6)
However, as was pointed out in Ref. [15], the identifica-
tion of the X(3915) state with the χc0(2P ) charmonium
state has several issues: X(3915) was not observed in the
DD¯ channel, the partial width for the X(3915)→ ωJ/ψ
is too large and the mass difference between X(3915)
and χc2(2P ) is too small compared to the expected fine
splitting of the 2P levels in charmonium.
We will therefore use a second scenario in the follow-
ing, in which we identify χc0(2P ) with the X
∗(3860)
state. This new charmoniumlike state was observed very
recently in the process e+e− → J/ψDD¯ by the Belle
Collaboration [14]. Its mass was obtained as 3862+26+40−32−13
MeV and its total width as 201+154+88−67−82 MeV. As its two
photon decay width remains yet to be measured, we will
extract it here from the alternative fit to the Belle [16]
and BABAR [17] γγ → DD¯ data performed in Ref. [15].
Assuming that both χc0(2P ) and χc2(2P ) states have a
dominant decay to DD¯, the authors in Ref. [15] have fit-
ted the γγ → DD¯ cross section below √s . 4.2 GeV by
a sum of χc0(2P ) and χc2(2P ) resonance contributions.
By integrating the invariant-mass distribution from the
DD¯ threshold up to
√
sD2 = Mχc0(2P ) +Γχc0(2P ) = 4.077
GeV one obtains from such fit:
Γγγ [χc0(2P )]
Γγγ [χc2(2P )]
= 5.6± 0.9 . (7)
By furthermore using our estimate for χc2(2P ) in Eq. (3)
we obtain
Γγγ [χc0(2P )] = 1.2± 0.3 keV. (8)
We show the resulting contributions to the helicity sum
rule in Table I.
It can be seen that the that the ηc(2S), χc0(2P ), and
χc2(2P ) contributions to the helicity sum rule amount
to around 15% of the contributions of the lowest lying
ηc(1S), χc0(1P ), and χc2(1P ) states. Note that if we as-
sume that the χc0(2P ) state corresponds to X(3915) then
its contribution to the sum rule would be even smaller,
−0.13± 0.02.
In order to estimate the contribution from all states
above the open-charm threshold, which opens at sD ≡
4m2D ≈ 14 GeV2, using the D-meson mass mD ≈
1.87 GeV, a quark-hadron duality argument [18] was used
in [5]. This duality estimate amounts to replace the
helicity-difference γγ → X cross section, entering the
continuum integral of the sum rule, by the perturbative
3mM Γγγ
´
ds
s
(σ2 − σ0)
[MeV] [keV] [nb]
ηc(1S) 2983.4± 0.5 5.1± 0.4 −11.8± 0.9
χc0(1P ) 3414.75± 0.31 2.34± 0.19 −3.6± 0.3
χc2(1P ) 3556.20± 0.09 0.53± 0.04 3.6± 0.3
sum of states 1S, 1P −11.8± 1.0
ηc(2S) 3639.2± 1.2 1.3± 0.6 −1.7± 0.8
χc0(2P ) 3862± 48 1.2± 0.3 −1.2± 0.3
χc2(2P ) 3927.2± 2.6 0.21± 0.04 1.1± 0.2
sum of states 2S, 2P −1.8± 0.9
sum of states 1S, 1P, 2S, 2P −13.6± 1.3
continuum contribution
√
s ≥ 2mD √s ≥ 4.077 GeV
9.0± 0.8 10.0± 0.8
bound states + continuum −2.8± 1.3 −3.6± 1.5
TABLE I: Contributions of the lowest cc¯ mesons to the γγ helicity sum rule. We show the bound state contributions based
on the 2016 PDG values [13] of the meson masses mM and their 2γ decay widths Γγγ . For the χc0(2P ) and χc2(2P ) we use
estimates from Eqs. (8) and (3). Note, that the χc0(2P ) charmonium state is identified with the recently measured X
∗(3860)
[14]. For simplicity we symmetrized the error bar of its mass by enlarging the smallest error. We also show the duality estimate
for the continuum contribution, as well as the total sum.
γγ → QQ¯ cross section:
Icont ≡
ˆ ∞
sD
d s
s
(σ2 − σ0)γγ→X
≈
ˆ ∞
sD
d s
s
(σ2 − σ0)γγ→QQ¯
= −
ˆ sD
4m2c
d s
s
(σ2 − σ0)γγ→QQ¯ , (9)
with mc the charm quark mass, and where the last equa-
tion follows from the fact that sum rule is satisfied exactly
for plane wave states in spinor QED. Using the pertur-
bative γγ → QQ¯ cross section derived in Refs. [4, 5], one
obtains for the continuum integral 1:
Icont ≈ −8piα2e4c Nc
sDˆ
4m2c
ds
s2
{
− 3β(s)
+2 ln
( √
s
2mc
(1 + β(s))
)}
,
β(s) ≡
√
1− 4m
2
c
s
, (10)
with ec = 2/3 the charm quark charge, and number of
colors Nc = 3. Using the PDG value mc = 1.27 ±
0.03 GeV for the MS charm quark mass [13], Eq. (10)
yields: Icont ≈ 9.0± 0.8 nb, where the error results from
the above uncertainty range in the PDG value for mc.
1 Note that in Ref. [5], the factor e4cNc ' 0.6 in the continuum
integral was not accounted for.
In Fig. 1 we also show Icont as a function of the integra-
tion limit sD. We see from Table I that this continuum
estimate for sD = 4m
2
D has the opposite sign from the
bound state contributions, and compensates to around
75 % the sum of the ηc(1S), χc0(1P ), and χc2(1P ) con-
tributions to the σ2 − σ0 sum rule. Such cancellation
quantitatively illustrates the interplay between charmo-
nium bound states and resonances, (dominantly) decay-
ing into charmed mesons, in satisfying the sum rules of
Eq. (1). We furthermore show in Table I the estimate for
the ηc(2S), χc0(2P ), and χc2(2P ) states. In this case, the
duality estimate for the continuum states starts above
these states in order to avoid double counting, i.e. for
sD2 . It is remarkable to note that the contribution of
these higher states is compensated within the error bar by
the duality estimate in the interval [4m2D, sD2 ], providing
further support of our procedure. It will be interesting
to test this experimentally by directly measuring the γγ
production cross sections above DD¯ threshold, where a
large number of new states (so-called XY Z states) have
been found in recent years, several of which have exotic
quantum numbers and are still very poorly understood.
For a more precise estimate of the continuum part of
the spectrum one needs to account for the interaction be-
tween the quarks. Typically, the heavy quarkonia can be
described within a non-relativistic (NR) potential quark
model, where the interaction is presented as a sum of
the Coulomb potential (one-gluon exchange) and a lin-
ear (confinement) term
V (r) = −4
3
αs
r
+ σ r , (11)
with αs the strong coupling and σ the string tension. One
can expect a change in Icont by a Coulombic interaction,
4FIG. 1: Solid (red) band: plane wave duality estimate for
the continuum contribution Icont of Eq. (10) to the helic-
ity difference sum rule for charm quarks as function of the
open charm production threshold sD. The vertical lines
indicate the DD¯ threshold, sD ≡ 4m2D ≈ 14 GeV2 and
sD2 = 16.6 GeV
2. The lower (blue) horizontal band indicates
the sum of the ηc(1S), χc0(1P ), and χc2(1P ) bound state con-
tributions (taken with the opposite sign) to the σ2 − σ0 sum
rule, as listed in Table I. The slightly higher (blue) horizontal
band includes the contributions of the ηc(2S), χc0(2P ), and
χc2(2P ) states. The proximity between red and blue bands
is indicative of the compensation between the lowest bound
state contributions and the duality estimate for the contin-
uum contribution to the helicity difference sum rule.
since it is supposed to be the dominant interaction for
the region s ∈ [4m2c , sD], i.e. below DD¯ threshold. In
the threshold region the Sommerfeld enhancement mech-
anism [19] is known to qualitatively change the cross sec-
tion, and we may therefore expect the continuum con-
tribution to the sum rules to be enhanced as compared
with a plane wave cacluation, closing the gap in the sum
rule evaluation shown in Table I. Although in the present
work we make the simple duality estimate using plane
wave states for the outgoing quarks when evaluating the
continuum contribution to the sum rules of Eq. (1), we
plan to perform such a detailed study of the modifica-
tions when using continuum Coulombic wave functions
in a future work.
III. VIRTUAL PHOTON SUM RULES FOR
CHARMONIUM STATES
We next discuss the implications of the second and
third sum rules of Eq. (1), which we denote by SR2 and
SR3 in the following, when both photons are quasi-real
for charmonium states. Pseudo-scalar mesons do not con-
tribute to these sum rules, which instead receive con-
tributions from scalar, axial-vector and tensor mesons.
To satisfy both of these sum rules implies therefore that
there is a compensation between those meson bound
states with the continuum contributions, which we will
study subsequently.
Using the cross section expressions [5], the contribu-
tions of narrow scalar (S ), axial-vector (A ), and tensor
(T ) mesons to SR2 and SR3 for two quasi-real photons
were derived in Ref. [8]. In applying these results to the
charmonium states, the sum rules SR2 and SR3 can be
expressed as a sum over the narrow charmonia bound
states and a continuum contribution as:
0 =
∑
S
16pi2
Γγγ(S )
m5S
(
1−RLS (0)
)
−
∑
A
8pi2
3 Γ˜γγ(A )
m5A
+
∑
T
8pi2
5 Γγγ(T )
m5T
{
r(2) + r(0)
(
2 +RLT (0)
)
(12)
+
piα2mT
10 Γγγ(T )
[
F
(1)
T γ∗γ∗ (0, 0)
]2 }
+ Icont(SR2) ,
and
0 = −
∑
S
16pi2
Γγγ(S )
m3S
RLS (0) +
∑
A
8pi2
3 Γ˜γγ(A )
m3A
+
∑
T
8pi2
5 Γγγ(T )
m3T
{
r(0)RLT (0) (13)
− piα
2mT
10 Γγγ(T )
[
F
(1)
T γ∗γ∗ (0, 0)
]2 }
+ Icont(SR3) ,
where r(Λ) denotes the ratio of the two-photon decay
widths of the tensor meson with specific helicity Λ rel-
ative to the total two-photon decay width. Further-
more, RLS (0) and R
L
T (0) denote the longitudinal over
transverse γ∗γ∗ → S ,T coupling ratios respectively.
The equivalent 2γ decay width Γ˜γγ(A ) for axial-vector
mesons is defined as [20]:
Γ˜γγ(A ) ≡ lim
Q21→0
m2A
Q21
1
2
Γ (A → γ∗LγT ) (14)
=
piα2
4
mA
1
3
[
F
(1)
A γ∗γ∗(0, 0)
]2
,
with F
(1)
A γ∗γ∗(Q
2
1, Q
2
2) the corresponding γ
∗γ∗ → A tran-
sition form factor, see Refs. [5, 8] for details. Further-
more, in Eqs. (12) and (13) the continuum contributions
take the form:
Icont(SR2) ≡
ˆ ∞
sD
d s
(
σ‖
s2
+
1
s
τaTL
Q1Q2
)
Q2i=0
(γγ → X),
Icont(SR3) ≡
ˆ ∞
sD
d s
(
τTL
Q1Q2
)
Q2i=0
(γγ → X) . (15)
As both sum rules have to integrate to zero, they also
imply a cancellation mechanism between the bound state
and the continuum contributions. We first discuss the
contributions of scalar, axial-vector and tensor charmo-
nium bound states to SR2 and SR3.
5For the scalar charmonium state χc0(1P ) the two-
photon decay width is known, which determines the
transverse coupling. For the L/T ratio RLS (0), we take
the quark model prediction, see Eq.(A5) in Appendix A,
RLS (0) = 2/3.
For the axial-vector charmonium state χc1(1P ), for
which the equivalent two-photon decay width Γ˜γγ is not
known, we will express the sum rule contribution as a
function of the branching fraction Γ˜γγ/Γtot, with Γtot
the known χc1(1P ) total width.
For the tensor charmonium state χc2(1P ) the two-
photon decay width is known. Assuming maximum
helicity-2 contribution, corresponding with r(2) = 1 and
r(0) = 0, this determines the helicity-2 coupling. We
note that r(0) = 0 matches the quark model result, see
Eq. (A6). In order to allow for a possible (small) non-zero
value in experiment, we can approximate the product
r(0)RLT (0) appearing in SR2 and SR3 for small r
(0)  r(2)
as (see Eq. (A11) of Ref. [8]):
r(0)RLT (0) =
2
√
2√
3
√
r(0)
(
F
(0,L)
T γ∗γ∗ (0, 0)
F
(2)
T γ∗γ∗ (0, 0)
)
, (16)
' −2
√
2√
3
√
r(0) ,
where in the last equality, the quark model ratio of
Eq.(A6) has been used for the longitudinal amplitude.
Furthermore, for the helicity-1 γ∗γ coupling to a tensor
charmonium state, we also adopt the quark model ratio
from Eq. (A6), i.e.[
F
(1)
T γ∗γ∗(0, 0)
]2
=
5 Γγγ(T )
piα2mT
. (17)
This yields the relations:
SR2 [nb/GeV
2
] ' 0.10 − 0.15×
(
103 Γ˜γγ/Γtot
)
+0.14
[
1− 1.63
√
r(0) + 0.5
]
+Icont(SR2), (18)
SR3 [nb] ' −2.41 + 1.79×
(
103 Γ˜γγ/Γtot
)
+1.81
[
−1.63
√
r(0) − 0.5
]
+Icont(SR3), (19)
where the terms on the rhs of SR2 correspond with
the contributions from χc0(1P ), χc1(1P ), χc2(1P )[Λ =
2, 1, (0, L)], and continuum respectively, and where the
terms on the rhs of SR3 correspond with the contribu-
tions from χc0(1P ), χc1(1P ), χc2(1P )[Λ = 1, (0, L)], and
continuum respectively. We will determine the unknown
equivalent decay width Γ˜γγ for the χc1(1P ) state as well
as a possible small non-zero r(0) value for the tensor char-
monium state by the requirement that both sum rules are
satisfied simultaneously by the three lowest charmonium
bound states and by the continuum contributions.
To estimate the continuum contributions to the sum
rules of Eqs. (12, 13), we will again use a duality ar-
gument by replacing the integral for the γγ → X pro-
cess (with X any hadronic final state containing charm
quarks) by the corresponding integral for the perturba-
tive γγ → cc¯ process:
Icont(SR2) ≈
∞ˆ
sD
ds
(
σ‖
s2
+
1
s
τaTL
Q1Q2
)
Q2i=0
(γγ → cc¯),
Icont(SR3) ≈
∞ˆ
sD
ds
(
τTL
Q1Q2
)
Q2i=0
(γγ → cc¯). (20)
The perturbative cross sections for the free γγ → cc¯
process were calculated in Ref. [5] and were verified to
satisfy SR2 and SR3 exactly. For SR2 this implies
Icont(SR2) ≈ −4piα2e4c Nc
sDˆ
4m2c
ds
s3
{
−
(
5 +
6m2c
s
)
β(s)
+2
(
1 +
12m2c
s
− 12m
4
c
s2
)
ln
( √
s
2mc
(1 + β(s))
)}
.
(21)
Using the physical value of the DD¯ threshold, sD ≈
14 GeV2, and the PDG value mc = 1.27 ± 0.03 GeV
[13], we obtain: Icont(SR2) ≈ −0.040 ± 0.004 nb/GeV2,
where the error results from the uncertainty range in the
PDG value for mc. However, from the analysis of the
SRI, we know that the perturbative cross section contri-
bution to the continuum would need to be changed by
around 35% to saturate the sum rule exactly. Therefore,
for SRII we increase the error bar of the continuum con-
tribution by around 35% of its central value leading to
Icont(SR2) ≈ −0.040±0.014 nb/GeV2. For SR3, the per-
turbative cross sections are zero when both photons are
quasi-real, i.e. [5]:(
τTL
Q1Q2
)
Q2i=0
(γγ → cc¯) = 0. (22)
Consequently, when using the free γγ → cc¯ process
to estimate the continuum contribution, we obtain :
Icont(SR3) = 0.
When using the plane wave continuum contribution,
the requirement that both sum rules of Eqs. (18, 19)
are satisfied then yields for χc1(1P ) : Γ˜γγ/Γtot '
(1.88± 0.12) × 10−3, and for χc2(1P ) :
√
r(0) ' 0.02 ±
0.04, confirming that the Λ = 0 two-photon coupling for
the χc2(1P ) state is very small. We also made an esti-
mate of the change due to the contribution of the states
χc0(2P ) and χc2(2P ) states. We found that their contri-
bution leads to increase of Γ˜γγ/Γtot for χc1(1P ) between
12% (based on the analysis of SR3) and 20% (based on
the analysis of SR2). We conservatively use the larger
value as our error estimate, which leads to:
χc1(1P ) :
Γ˜γγ
Γtot
' (1.9± 0.4)× 10−3 . (23)
6mM Γγγ
´
ds
(
1
s2
σ‖ + 1s
τaTL
Q1Q2
)
Q2i=0
´
ds
(
τTL
Q1Q2
)
Q2i=0
[MeV] [keV] [nb / GeV2] [nb]
χc0(1P ) 3414.75± 0.31 2.34± 0.19 0.10± 0.01 −2.41± 0.20
χc1(1P ) 3510.66± 0.07 - −0.15×
(
103 Γ˜γγ/Γtot
)
1.79×
(
103 Γ˜γγ/Γtot
)
χc2(1P ) 3556.20± 0.09 0.53± 0.04
Λ = 2 0.14± 0.01 0
Λ = (0, T ) ≈ 0 0
Λ = (0, L) (−0.23± 0.02)
√
r(0) (−2.96± 0.22)
√
r(0)
Λ = 1 0.07± 0.01 −0.91± 0.07
continuum contr. −0.040± 0.014 0
TABLE II: Contributions of the lowest cc¯ mesons to the second sum rule (SR2, 4th column) and third sum rule (SR3, 5th
column) of Eq. (1). We show the bound state contributions based on the 2016 PDG values [13] of the meson masses mM
and their 2γ decay widths Γγγ . In the last line, we also show the duality estimate for the continuum contribution above DD¯
threshold.
A more precise evaluation of these higher contributions
will require γ∗γ data above DD¯ threshold.
Using the PDG 2016 value [13] for the total width
Γ [χc1(1P )] = 0.84± 0.04 MeV, Eq. (23) then yields:
χc1(1P ) : Γ˜γγ ' (1.6± 0.3) keV. (24)
We can contrast our result for Γ˜γγ of χc1(1P ) with
the quark model result for the charmonium states. At
leading order, the non relativistic quark model prediction
of Eq. (A4) leads to the two photon decay rates
Γ˜γγ [χc1(1P )] ' 5
6
Γγγ [χc2(1P )] , (25)
' 2
9
Γγγ [χc0(1P )] . (26)
Radiative corrections and relativistic effects are however
expected to somewhat change such estimates. As it is
shown in [21, 22], the ratio of two photon decay widths of
scalar and tensor states increases by including radiative
corrections. Relativistic effects, on the other hand, partly
compensate that change. In combination, these effects
can change the leading order quark model predictions by
at most 50% (see Table 2 of [21]), which we include as the
uncertainty of the χc1(1P ) estimate. Using the empirical
Γγγ values for χc0(1P ) and χc2(1P ) from Table II then
yields the quark model prediction (the average between
Eqs. (25) and (26)) :
Γ˜γγ [χc1(1P )]
∣∣
quark model
' (0.48± 0.24) keV. (27)
One notices that our sum rule extraction of Eq. (24)
yields an equivalent two-photon width Γ˜γγ for the
χc1(1P ) state, which is at variance with the quark model
estimate by around 3σ. Such prediction can be tested
by data from the e+e− collider experiments, in particu-
lar Belle and BESIII, where the χc1(1P ) can be produced
in γ∗γ collisions.
IV. CONCLUSIONS
In this work, we have applied three forward light-by-
light scattering sum rules to charmonium states. We
have shown that these sum rules imply a cancellation
between charmonium bound state contributions, which
we quantified using their γγ decay widths, and contin-
uum contributions above DD¯ threshold. For the latter,
we have provided a duality estimate, by replacing the
γγ → X cross sections, with X denoting the sum over
all allowed final states entering the continuum parts of
the sum rule integrals, by the corresponding perturba-
tive γγ → QQ¯ cross sections. For the σ2 − σ0 sum rule,
we have shown that the continuum contribution com-
pensates to around 75 % the sum of the lowest lying
ηc(1S), χc0(1P ), and χc2(1P ) bound state contributions.
For the higher states, we have shown that the estimate for
the ηc(2S), χc0(2P ), and χc2(2P ) states is nearly com-
pensated within the error bar by the duality estimate in
the interval [4m2D, sD2 ], providing further support of our
procedure. We have applied two further sum rules, in
which at least one photon is quasi-real, to the charmo-
nium states. The latter sum rules imply contributions of
scalar, axial-vector and tensor mesons. We have shown
that these sum rules allow to predict the yet unmeasured
γ∗γ coupling, with one longitudinal and one transverse
photon, of the χc1(1P ) state as: Γ˜γγ ' (1.6± 0.30) keV,
or equivalently Γ˜γγ/Γtot ' (1.9± 0.4)× 10−3. This pre-
diction at variance with the quark model estimate by
around 3σ, and can be tested at present high-luminosity
e+e− colliders. In view of our analysis, indicating impor-
tant γ∗γ cross section contributions above DD¯ thresh-
old, the measurement of these cross sections in the region
where a large number of new, so-called XY Z, states have
been found in recent years, several of which observed in
γγ collisions, is very promising to shed further light on
the nature of these states.
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Appendix A: γ∗γ∗ → 1S0, 3P0, 3P1, 3P2 matrix
elements in the quark model
In this appendix, we calculate the lowest lying γ∗γ∗ →
1S0,
3P0,
3P1,
3P2 production matrix elements in the
quark model. The transition matrix element in the
quark model [21, 23, 24] can be written as a convo-
lution integral between the quarkonium wave function
(w.f.) ψnlml(p) = R˜n l(p)Ylml(θ, φ) and the plane wave
γ∗γ∗ → QQ¯ scattering amplitude 〈p|Mλ1 λ2 |q〉 as:
〈JPC |Mλ1 λ2 |q〉 =
ˆ
d3 p
(2pi)3
∑
s1,s2
〈p|Mλ1 λ2(s1, s2)|q〉
×
∑
ml,ms
〈J mJ | l ml sms〉 (A1)
×〈sms|1/2 s1 1/2 s2〉ψ∗nlml(p)
√
2M
2E(p)
,
where mQ is the mass of the quark, E(p) =
√
p2 +m2Q,
M is the QQ¯ mass and λ1(λ2) are the photon helicities.
The γ∗γ∗ → QQ¯ amplitude to lowest order in α is given
by
〈p|Mλ1λ2(s1, s2)|q〉 = −i
√
Nc e
2
Q e
2λ1 µ λ2 ν u¯(p1, s1)
×
{
(2 pµ1 − γµγ · q1) γν
(p1 − q1)2 −m2Q
(A2)
+
(2 pν1 − γνγ · q2) γµ
(p1 − q2)2 −m2Q
}
v(p2, s2) ,
where q1,2 are the momenta of the incoming photons, and
p1,2 are the momenta of the outgoing quarks. The rela-
tive momenta of the initial and final particles are denoted
by q = 12 (q1−q2) and p = 12 (p1−p2), respectively (see
Fig. 2). To evaluate (A1) we use Dirac spinors which are
defined as
u(p, s) =
√
E(p) +mQ
(
1
σ p
E(p)+mQ
)
χ(s) ,
v(p, s) =
√
E(p) +mQ
(
σ p
E(p)+mQ
1
)
η(−s) ,
FIG. 2: Diagrams illustrating the γ∗γ∗ → QQ¯ production
mechanisms.
with two-component Pauli spinors
χ(1/2) =
(
1
0
)
, χ(−1/2) =
(
0
1
)
,
η(−1/2) =
(
0
1
)
, η(1/2) =
(
−1
0
)
.
The sign convention in η(1/2) is chosen so that the spinors
are charge conjugates of each other [25]. Below we as-
sume nonrelativistic kinematics, such as E(p) ≈ mQ and
s = M2 ≈ (2mQ)2.
The results for the finite photon virtualities q2i = −Q2i
are collected in Table III. The crossing variable ν and the
virtual photon flux factor factor X are defined as
ν = q1 · q2 = 1
2
(s+Q21 +Q
2
2) ,
X = (q1 · q2)2 − q21 q22 = ν2 −Q21Q22 . (A3)
Note, that the obtained helicity amplitudes are consistent
with Ref. [20] where slightly different conventions were
used.
The transition matrix elements at Q21 = Q
2
2 = 0 can
be related to the two-photon decay width of quarkonia.
For the low-lying states with quatum numbers JPC =
0++, 0−+, 1++ and 2++ one obtains
Γγγ(P) =
3α2 e4Q
m2Q
|RnS(0)|2 ,
Γγγ(S ) =
27α2 e4Q
m4Q
|R′nP (0)|2 ,
Γγγ(T (Λ = 2)) =
36α2 e4Q
5m4Q
|R′nP (0)|2 ,
Γ˜γγ(A ) ≡ lim
Q21→0
m2A
Q21
1
2
Γ (A → γ∗LγT )
=
6α2 e4Q
m4Q
|R′nP (0)|2 , (A4)
where Rnl(0) denotes the wave function at the origin and
R′nl(0) the derivative of the wave function at the ori-
gin. Using the relations between the helicity amplitudes
Mλ1,λ2 and the transition form factors given in Appendix
C of Ref. [5] one can derive the set of ratios in the quark
8State M+− M++ M0+ M00
1S0 0
√
2X
pimQ
1
ν
RnS(0) 0 0
3P0 0
√
2
pi
X+4m2Qν
m
3/2
Q
ν2
R′nP (0) 0 −4
√
2mQ
pi
Q1Q2
ν2
R′nP (0)
3P1 0
√
3
pi
Q21−Q22
m
3/2
Q
ν
R′nP (0) 2
√
3
pimQ
Q1(ν+Q22)
ν2
R′nP (0) 0
3P2 4
√
6mQ
pi
1
ν
R′nP (0)
2(ν(2m2Q−ν)+Q21Q22)√
pim
3/2
Q
ν2
R′nP (0) −2
√
3
pimQ
Q1(ν−Q22)
ν2
R′nP (0) 8
√
mQ
pi
Q1Q2
ν2
R′nP (0)
TABLE III: Matrix elements of the lowest QQ¯ mesons. All the expressions must be multiplied by the common factor i
√
3 e2Q e
2.
model. For the scalar mesons one obtains
RLS (0) ≡
FLS γ∗γ∗(0, 0)
FTS γ∗γ∗(0, 0)
=
2
3
, (A5)
while for the tensor mesons the following ratios are useful
F
(0,L)
T γ∗γ∗(0, 0)
F
(2)
T γ∗γ∗(0, 0)
= −1,
r(0) =
Γγγ(T (Λ = 0))
Γγγ(T )
= 0 , (A6)
[
F
(1)
T γ∗γ∗ (0, 0)
]2
=
 M0+
e2Q1
1√
2
(
2X
νm2T
)
2
Q2i=0
=
5 Γγγ(T )
pi α2mT
,
where Γγγ(T ) = Γγγ(T (Λ = 0)) + Γγγ(T (Λ = 2)).
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